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Answer Question No.1 (Part-I) which is compulsory, any five from rest (Part-II) 
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Part-I 

Q1  Answer the following questions: (2 x 10) 
 a) Is every Banach space a Hilbert space? Justify your answer through a counter 

example. 
 

 b) Define spectrum and point spectrum.  
 c) Is the mapping 𝑅ଶ → 𝑅ଶ defined by ሺ𝑥ଵ,𝑥ଶሻ → ሺ𝑥ଵ, 0ሻ  an open mapping?  

 d) Define Hahn-Banach theorem.  
 e) Show that every orthonormal sets are linearly independent.  
 f) Suppose 𝑋 is a finite dimensional normed space. What can you say about the 

dimension of the dual of 𝑋?  
 

 g) State Riesz representation theorem for 𝐶ሺሾ𝑎, 𝑏ሿሻ.  
 h) Give an example of a self-adjoint operator on 𝐾ଶ.  
 i) When every linear operator on 𝑋 will be bounded?  
 j) Give an example of an unbounded operator.  
    

  Part-II  
  Long Answer Type Questions (Answer Any five)  

Q2 a) Show that every closed and bounded subset of normed space 𝑋 is compact. (5+5) 
 b) State and prove uniform boundedness principle.  
    

Q3 a) State and prove open mapping theorem. (5+5) 
 b) For 𝐾 ൌ ℝ/ℂ and ,X Y  be normed space over 𝐾, and :T X Y be linear.   

Then the following are equivalent: (i) T is bounded. (ii) T is continuous. 

 

    
Q4 a) Show that the space  𝑙௣,  𝑃 ് 2 is not an inner product space. (5+5) 

 b) Find the orthonormal basis of 𝑃ଷሾെ1,1ሿ starting from the basis 1, 𝑛, 𝑛ଶ𝑛ଷ. Use the 

inner product defined by 𝑓. 𝑔 ൌ ׬ 𝑓ሺ𝑡ሻ. 𝑔ሺ𝑡ሻ𝑑𝑡
ଵ

ିଵ . 
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Q5 a) State and prove Riesz representation theorem of functionals. (5+5) 
 b) Establish a linear isometry from 𝐿௣ሺሾ𝑎, 𝑏ሿሻ into the dual of 𝐿௣ሺሾ𝑎, 𝑏ሿሻ, where 1 ൑ 𝑝 ൑

∞ and 
ଵ

௣
൅

ଵ

௤
ൌ 1. 

  

    
Q6 a) Let 𝐻 be a finite dimensional Hilbert space over 𝐾 and 𝐴 is a bounded linear 

operator on 𝐻. Suppose that 𝐾 ൌ 𝐶 𝑎𝑛𝑑 𝐴 is normal or 𝐾 ൌ 𝑅 and 𝐴 is self-adjoint. 
Then prove that there exists an orthonormal basis for 𝐻 consisting of eigenvectors 
of 𝐴. 

(5+5) 

 b) write the properties of normal, self-adjoint, and unitary operator.  
    
Q7 a) Show that the spectrum 𝜎ሺ𝑇ሻ of a bounded self adjoint linear operator 𝑇: 𝐻 → 𝐻 

on a complex Hilbert space 𝐻 is real. 
(5+5) 

 b) Prove or disprove that a unitary operator is closed.  
    
Q8 a) If 𝐴 is a bounded linear operator on a Hilbert space and 𝐴௡ is a compact operator 

for every positive inter 𝑛 such that ||𝐴௡ െ 𝐴||converges to 0, then prove that 𝐴 is 
compact.  

(5+5) 

 b) If 𝑋 and 𝑌 be two Banach spaces and 𝑓: 𝑋 → 𝑌 be a closed linear map then show 
that f is continuous. 
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